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Abstract -We define a class of univalent starlike functions and consider the following integral 
operator: 
F(z) = 
y+l ‘* 
27 ,i, f(W-’ 4 Y 2 0. (*) 
It is well known that, if f is starlike, then F is also starlike. We extend this result for a more general 
class. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Let U be the unit disc of the complex plane 
u = {z E c, jz] < l}, 
and let ‘H[U] be the space of holomorphic functions in U. We let 
A = {f E T-l[U], f(z) = z + u2z2 + a3z3 + . , z E U} , 
A, = {f E ‘FI[U], f(z) = z + u~+~z~+’ + u~+~P+’ +. .. , z E U} , 
where Al = A, and 
denote the class of starlike functions in U. 
We recall that, see [l], 
&=(ftA, Re[(l-n)$$+n(g+l)l >O, stir} 
is the class of cr-convex functions. Further (see [a]), 
is the class of starlike functions of order CL’, cz < 1 
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If f and g are analytic functions in U, then we say that f is subordinate to g, written f + g 
or f(z) 4 g(z), if there is a function w analytic in U with w(0) = 0, lw(z)\ < 1 for all z E U 
such that f(z) = g(w(z)) for z E U. If g is univalent, then f 4 g if and only if f(0) = g(0) and 
f(U) c g(U). 
The following statements can be found in [l]. 
STATEMENT 1. If cr E lR and f E iUQ, then f is a starlike function. 
STATEMENT 2. If a 2 0 and f E A, then f E M, if and only if 
zf’b) * F(z) = f(z) f@) 
[ I 
is starlike. 
Let N E @ and f E A. We say that the function ,f is a-starlike if the function F : U --) @, 
where 
is starlike [3]. 
F(z) = f(z) 1 -,+,+), 
( 
t E U, 
z 
In [4], the following result is proven. 
LEhlMA 1. Let li/ : c2 + c, and ?j~ satisfies the condition 
Re$(is, t) 5 0, 
for s EIW, t 5 -(l/2)(1+9). Moreover, ifp(z) = 1 +plz+pzz2+... satisfies 
Re ti[p(z), v’(z)1 > 0, 
then 
Rep(z) > 0. 
A more general form of this lemma can be found in [4]. 
In [5,6], the authors proved the next result. 
LEMMA 2. Let q be univa,.lent in U and let 0 and 4 be analytic in a domain D containing q(U), 
with 4(w) # 0, when w E q(U). Set 
Q(z) = d(~MM~)l, 
h(z) = %A,-11 + Q(z), 
and suppose that 
(i) Q is starlike, and 
(ii) Rezh'(z)/Q(z) = Re [Q’[dz)l/dMz)l + zQ'(z)IQ(z)I > 0. 
Ifp is analytic in U, with p(O) = q(O), p(U) c D, and 
G(z)1 + ~P’wb(4l + %(~)I + W’(~Mk?(~)l = h(z), 
then p < q: and q is the best dominant. 
For real Q: and p in [7], I introduced the class Ada,0 for functions f E A, with the properties 
and assuming that the function 
is starlike. I proved that f is also starlike for 0 < o 5 1 and /T 2 0. In this paper, I improve this 
result by showing that f is starlike if F is starlike of some negative order. Further, I prove that 
F E S” where F is given by (*). 
Integral Operator 
2. MAIN RESULTS 
DEFINITION. Let 0 5 Q 5 1, 0 2 0, and Jet f E A, with 
f(y # 0, 1 _ Q + ,T$ # 0, z E u; 
then we say that the function f belongs to the class A&p if the function F : U + C defined 
by (1) is starlike of order C((Y, ,Ll), wllere 
i 
ffP 1 
C(%D) = 
-a(l- 
if0 5 N 5 z, 
1-Q 
----P, 
2ff 
ifi<n<l. 
THEOREM 1. For any Q: E [0, 11, /3 1 0, the inclusion II?~,~ c S* holds. 
PROOF. Let p(z) = zf’(z)/f(z), z E U; then condition f(z)f’(z)/z # 0 gives that the function 
p is holomorphic in U. Since F satisfies 
with C(cr, ,0) given by (a), from (l), we deduce 
c$ -C(a,P) =p(z)+cy(l -;i)Z +q _r$;j - C(QG 0) 
= GNP(Z), ZP'(Z)l. 
Condition (3) is equivalent to 
We have 
Re ti,[p(z), ZP’(Z)] > 0. 
Re$(is,t)=Re 
i 
- C(Q, iol) 
cYpq1 - a) 
= 
(1 _ a)” + cy2s2 - c(a, @) 
< _dql - Q) (1 + s2) 
- 2 [(l - cY)2 + Q.291 
- C(w P) 
< - 2[(1 -cx)2+a?s2] 
[ 
@(l - O) (1 + s2) + C(cy p) 
I 
< 0, 
’ - 
Hence, by Lemma 1, we deduce Rep(z) > 0, which shows that f E S’. 
THEOREM 2. Let y 2 0, and Jet 
h(z) = s + 
(1 - z)[l t-?yZ+ (1 - Y)4’ 
z E u. (4 
(5) 
If .f E A and 
then F E 9, where F is given by (*). 
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PROOF. From (*), one can get 
yF(z) + ZF’(Z) = (y + l)f(z). (6) 
If we let p(z) = zF’(z)/F(z), then (6) becomes 
-Ye) + P(Z)F(Z) = (Y + l)f(z), 
[Y + P(Z)lF(Z) = (7 + l)%(z), 
and we have 
Then, (5) becomes 
Zf’k) -$$ +p(z) = -- 
f(z) 
ZP’(Z) 
P(Z) + ___ 
P(Z) + Y 
4 h(z). 
To show that F E S*, we shall use Lemma 2. Let us introduce the functions 
l+Z 
q(z) = 1-z’ 8(w) = w, d(w) = &; 
then by simple algebra we get 
G(z)1 = 4(z) = E> 
ddz)l = & = l-z lfy+(l--y)z’ 
Q(z) = d(z)dM~)l = 
(1 - 2)[1 +“,i+ (1 - yjz]’ 
h(z) = ~[q(z)l + Q(z) = +$ + c1_ zJil +T+ c1_ yjzl 
Since Q is starlike and Re$(q(z)) > 0, by Lemma 2 we deduce p 4 q, i.e., F E S’. 
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